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Abstract. We study the B-parameter (“bag factor”) for B — B mixing within a
recently developed heavy-light chiral quark model. Non-factorizable contributions in
terms of gluon condensates and chiral corrections are calculated. In addition, we also
consider 1/mg corrections within heavy quark effective field theory. Perturbative QCD
effects below g = mp known from other work are also included. Considering two
sets of input parameters, we find that the renormalization invariant B-parameter is
B=15140.09 for By and B =1.40+0.16 for Bs.

PACS: 13.25.Hw; 12.39.Fe; 12.39.Hg

1 Introduction

Studies of the neutral K-meson system have played a major role in modern
particle physics [1]. Because of weak interactions, a neutral K meson may be
converted to a neutral K meson. This process, known as K — K mixing, de-
termines both the mass-difference between the physical neutral states Ky and
K and the dominating CP-violating effect in neutral K-meson decays to pions
(the e-effect). The neutral B-meson system has rather similar properties as the
neutral K-system. The difference when going to B — B mixing is the impor-
tance of other KM quark mixing factors and other mass scales, in particular the
B-mesons are about ten times heavier than the K-mesons.

In general, non-leptonic processes may be described by an effective La-
grangian which is a linear combination of quark operators. The (Wilson) co-
efficients of the operators can be calculated in perturbation theory combined
with the renormalization group equations [2]. At quark level, the leading order
diagrams for B — B mixing are given by the so called box diagram. This diagram
has double W-exchange between two quark lines, and generates an effective La-
grangian(Hamiltonian) for the quark transition bd — db. This Lagrangian has
(for all practical purposes) only one operator times a Wilson coefficient con-
taining the effects of the virtual (u,¢,t) quarks running in the loop. This Wil-
son coefficient has also been corrected for perturbative QCD effects within the
renormalization group equations. Such calculations has been performed to next
to leading order. For B, — By mixing one considers the corresponding bs — 5b
transition.
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The difficult part is to calculate the matrix elements of the quark operators
between the mesonic states, which is a non-perturbative issue. This has been
done by lattice simulations [3] [4] or by quark models [5]. The hadronic matrix
element is, as for K — K mixing, parameterized through the so called B- (“bag”-)
parameter which is by construction equal to one in the naive limit when vacuum
states are inserted between the quark currents in the B — B mixing operator.

In a previous paper [6], K — K mixing was calculated within a chiral quark
model (xQM) combined with chiral perturbation theory. Within the yQM, non-
factorizable contributions can also be calculated in terms of gluon condensates.
The purpose of this paper is to perform a similar analysis for B — B mixing.
We are using a recently developed heavy-light chiral quark model (HLxQM) [7],
where non-factorizable effects can be incorporated by means of gluon condensates
and chiral loops.

2 B — B mixing and heavy quark effective theory

At quark level, the standard effective Lagrangian describing B — B mixing is

[21:

- G? .
LT = = TEMiy (ViVig)® So(x) s b(p) QAB=2), (1)
where G is Fermi’s coupling constant, the V’s are KM factors [§] (for which
q = d or s for By and B; respectively) and Sy is the Inami-Lim function [9] due
to short distance electroweak loop effects for the box diagram:

4r — 1122 4+ 2 323 Logz
S = — . 2
o) 41— 2)2 201 — z)3 @)

In our case, x = z; = m?/MZ,, where m; is the top quark mass. Because of
its large mass, the top quark gives the dominant contribution. Also the u and ¢
quarks are running in the loop, but these contributions are KM suppressed. The
quantity Q(AB = 2) is a four quark operator:

Q(AB = 2) = G4 by, T& Ve br, 3)

where gy, (br,) is the left-handed projection of the g (b)-quark field. The quantities
np and b(u) are calculated in perturbative quantum chromodynamics (QCD).
At the next to leading order (NLO) analysis it is found that np = 0.55 &+ 0.01
[2]. Furthermore, for a renormalization point p in perturbative QCD equal to or
below my,

_ Qs
b = o] |1+ 2525 (4)
7r
where J; = 1.63 in the naive dimension regularization scheme (NDR). At

p = myp (= 4.8 GeV) one has b(mp) ~ 1.56.
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The matrix element of the operator Q(AB = 2) between the meson states is
parameterized by the bag parameter Bp, :

(BIQ(AB = 9)[B) = - f3M} By, (1) - (5)

By definition, B, = 1 within naive factorization, also named vacuum saturation
approach (VSA). This means to insert a vacuum state between the two heavy-
light currents in the operator Q(AB = 2), and use the matrix elements defining
the decay constant fg:

OFEA UBE) = fop'  and (BT H0) =~ fop" (6)

One may combine naive factorization with the large N, expansion, where N, is
the number of colours. Then one finds B, = 3(1 + 1/N.)/4, giving Bp, = 3/4
in the (naive) large N, limit. We will see later that there are important non-
factorizable contributions of order 1/N,.. In general, the matrix elements of the
operator Q(AB = 2) are dependent on the renormalization scale p, and thereby
Bp, depends on p. As for K — K mixing, one defines a renormalization scale
independent quantity

By, = b(1) B, (1) - (7)

Within lattice gauge theory, values for BBq between 1.3 and 1.5 are obtained
[3) 4.

The mass difference between the weak eigenstates (By and Bj) are related
to the bag parameter in the following way for B, = By, Bs:

2
Am, = g%mgqf%qBBq??BMgv So (mi/Miy) Ve Vis|* - (8)
In order to extract the KM matrix elements it is crucial to have a precise knowl-
edge of the bag parameter B B,, and the weak decay constant fp, .

The b -quark is heavy compared to the typical hadronic scale of order 1 GeV,
where confinement and chiral symmetry breaking effects are essential. Pertur-
bative effects below the b-quark scale may then be calculated down to 1 GeV
by means of heavy quark effective theory (HQEFT. See [I(] for a review). Thus
HQEFT also allows us to evolve the matrix element @) from p = my down to 1
GeV.

HQEFT is a systematic expansion in 1/my. The heavy quark field b(z) is
replaced by a “reduced” field, ng) (x) or ng)(a:), which is related to the full
field the in following way:

Q) () = PeeTm v wh(z) 9)

where Py are projecting operators Py = (1 & -v)/2. The reduced field fo)
can only annihilate heavy quarks. In order to describe heavy anti-quarks one

has to use QSJ_). In other words, QE)JF) (Qg_)) annihilates (creates) a heavy quark
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(anti-quark) with velocity v. The Lagrangian for heavy quarks is (Q, = S,i)):

1 — s . -
g @ (O G + (DL)i) Qv Olmg?)

LuqerT = £Quiv - D Q, + 5
m

(10)
where D,, is the covariant derivative containing the gluon field (eventually also
the photon field), and o - G = oG, t*, where o = i[y*,~4"]/2, GY., is the
gluonic field tensors, and t* are the colour matrices. This chromo-magnetic term
has a factor C'y; which is one at tree level, but slightly modified by perturba-
tive QCD effects below the scale my . It has been calculated to NLO [12] [13].
Furthermore, (iD, )% = Cp(iD)? — Ck(iv - D)?. At tree level, Cp = C = 1.
Here, Cp is not modified by perturbative QCD, while C is different from one
due to perturbative QCD corrections [11]. In our case, mg = my is the heavy
quark mass.

Running from g = mp down to 4 = A, =1 GeV, there will appear more op-
erators. Some stem from the heavy quark expansion itself and some are generated
by perturbative QCD effects. The AB = 2 operator in Eq. @) for 4, < p < my
can be written [14] 15| [16]:

6
Q(AB =2)= Ci(pn) Q1+ Co(p) Q2 + mib (Z ai(p)Si(p)

+Z hi(ﬂ)Xi(N)> +0(1/m}) . (11)

The operator @1 is Q(AB = 2) for b replaced by S)i), while Q5 is generated

within perturbative QCD for p < my. The operators S; and X; are taking
care of 1/m; corrections. The quantities Cy,Cy, a;, h; are Wilson coefficients.
(C1 =14+ 0(as) and Cy = 0+ O(a)). The explicit expressions for the operators
are

Q =27 QY Y. Q) , (12)
Q =2qv QY v, QL) , (13)
Xi =2qip QY Q) + 2qziD" QY g5, QY

~2iexu 0 qL DMy QST g P QL)

+2qQY qip QYY) + 2qry, QY qriD" QLY

—i2 5)\/,1,1/,0 U/\ qiL’YV Qg)—i_) quiDH,-yP Q’S)_) ’ (14)
Xo =8 i 0@ Q)| QL + 2 [iv- 0@ Q)| 70 QL7 (15)
Xy =4 [iv- 0@, Q)] QL) (16)

The operators .S; are nonlocal and are combinations of the leading order opera-
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tors Q1,2 and a term of order 1/mg from the effective Lagrangian (L0):

% _ / dy*T{Q1(0), Ok ()} ,
% _ / dyT{Q2(0), Ok (v)} ,
%’; ~ / dyT{Q1(0), O (1)} .
% — / d'yT{Qx(0), Onr (1)} (17)
where
Ox = %mb (F(iDL)gﬂQg”+@(ZDL)3HQST)) :
On = _49717; (wa-GQEfM@o-GQSf))a (18)

are the kinetic and magnetic operators of Eq. (I0). There are no mixing between
the local operators and the non-local operators, since the local operators do not
need the non-local ones as counter-terms. The Wilson coefficients a; will then
be products of C; 2 and Cp,x. The Wilson coefficients C; and C> have been
calculated to NLO [14] [16] and for pp = A, C1(Ay) = 1.22 and Cy(A,) = —0.15.
The coeflicients hj 23 have been calculated to leading order (LO) in [15], and
the result at 4 = A, is hy = 0.52, ho = —0.16 and h3 = —0.15.

3 The heavy-light chiral quark model

In order to calculate the matrix elements we will use the heavy-light chiral quark
model (HLxQM) recently developed in [7]. This is a type of quark loop model
[17, 18], [T9, 20] where the quarks couples directly to the mesons at the scale of
chiral symmetry breaking A,, which we put equal to 1 GeV. What makes our
model [7] distinct from other similar models is that it incorporates soft gluon
effects in terms of the gluon condensate with lowest dimension [6], 211 22, 23] [24].
The term in the Lagrangian describing this interaction can be obtained as a
mean-field approximation of the (extended) Nambu-Jona-Lasinio model (NJL)
[25, 20].

In this section we will give a short presentation of the HLxQM. In the next
section we will use the model [7] to calculate non-factorizable soft gluon effects
in B — B mixing.

The Lagrangian for the HLyQM is

Luryom = Luqert + £yQM + Ling - (19)

The first term is given in Eq. (I0). The light quark sector is described by the
chiral quark model (xQM), having a standard QCD term and a term describing
interactions between quarks and (Goldstone) mesons:

Lxaw =X " (iDy + Vi + 95 A,) —m]x =X My x (20)
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where xr,r are the flavour rotated quark fields given by:
xe=E&qw 5 xr=E&mr ; £E=X. (21)

where ¢7 = (u,d,s) are the light quark fields. The left- and right-handed pro-
jections ¢y, and ¢qg are transforming after SU(3), and SU(3) g respectively. The
quantity £ is a 3 by 3 matrix containing the (would be) Goldstone octet (7, K, n):

I_ 4 I8 Tt K+
i/ f A . 1 V2 - 0 w0 n 0
E=e where H——gzﬁ()—ﬁ T I K ,
K= 0 —%778

(22)

where f is the bare pion decay constant. In 20), m is the (SU(3) - invariant)

constituent quark mass for light quarks, and M, contains the current quark mass
matrix M, and the field &:

M, E]\A]V +]T/fé475 , where (23)
My = 5(€"MIET+EMeE) and M= — j(ETMIET - eMuE) - (24)

The vector and axial vector fields V,, and A, in @0) are given by:

= %(fT&Lf + «Ec’)ug) ] AM == %({fﬁuf o EaﬂgJ[) : (25>

Furthermore, the covariant derivative D, in (B0) contains the soft gluon field
forming the gluon condensates. The gluon condensate contributions are calcu-
lated by Feynman diagram techniques as in [0, [7] 22| 23]. They may also be
calculated by means of heat kernel techniques as in [21], [25] [26].

The interaction between heavy meson fields and heavy quarks are described
by the following Lagrangian:

Lot = —Gr [ya HP QF + Q) H® Xa} + —Tr [HaHY ,  (26)

where Gy and G3 are coupling constants and H,gi)

containing a spin zero and spin one boson:

is the heavy meson field

H =Py —iPs) |, B =1 (HF)]HO. (27)

The fields P(H)(P(~)) annihilates (creates) a heavy meson containing a heavy
quark (anti quark) with velocity v.

Integrating out the quarks by using (1), (U) and (Z6)), the effective La-
grangian up to O(mél) can be written as [27] [7]:

L=xTr [H,Si) (iv - Dy — AQ)H;ﬂ —gaTr [HPH,FHMA;;G . (28)

where iD}) = i D" — V}.. The term proportional to the quark-meson mass
difference Ag = My —my in (28) is irrelevant for us due to the reparametrization
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invariance [10]. Also, it does not enter our loop integrals because our heavy meson
fields are attached to our quark loops at zero external momentum. (The external
momentum includes the piece v*Ag). As shown in [7], the term ~ 1/G3 in (20)
is related to Ag, and this term is also irrelevant within the present paper.

To obtain (28) from the HLyQM one encounters divergent loop integrals,
which might be quadratic-, linear- and logarithmic divergent. For the kinetic
term in (28]) we obtain the identification:

—iG% N, <13/2 +2mlI; — iM<O‘SG2>) =1, (29)

384m3N,. ' 7

where I3/, and I3 are the linear and logarithmic divergent integrals respectively,
and <%G2> is the gluon condensate. To obtain the axial vector term proportional
to g4, we obtain a similar condition, and combining it with (29)), we obtain for
the axial vector term

4 .

g_A = 1 + g’LG%{NC <I3/2 — ;767:1') 5 (30)
such that the (formally) linear divergent integral I3/, is related to the strong axial
coupling g4 (or strictly speaking, its deviation from one). Analogously, within
the pure light quark sector (the xQM), it is well known that the quadratic and
logarithmic divergent integrals are related to the quark condensate and the bare
decay constant f, respectively [17, 21] 22| 23] [26]:

1 s

_ s s 9
(qq) = —4imN.I 12m< - G*) , (31)
1 «
. 2 s ~2

The divergent integrals Iy, I2 and I3/ are listed in appendix [Al The effective
coupling G describing the interaction between the quarks and heavy mesons
can be expressed in terms of m, f, g4, and the mass splitting between the 1~
state and 0~ state. Using (29)), (B0), (32) one finds a relation between this mass-
splitting and the gluon condensate via the chromomagnetic interaction in (0]
[7):

Qg 162 p2 2m (m+2)
<?GQ> = Tﬂ 7G ) G%{ = FP ) n= CM(Ax) ) (33)
where
U300 +oie (H) = Smq(My- — M) (34)
p = s u = —mMm H* — H)-
4(1+ R ¢ 2 ¢

In the limit where only the leading logarithmic integral I is kept we obtain:

ga—1, p—=1, Gy — GY= (35)

-3
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Note that g4 = 1 is the non-relativistic value [27]. We observe that the mass-
splitting between H and H™* sets the scale of the gluon condensate. This means
that, while in [23] the gluon condensate was fitted to the K — (27)7—2 amplitude,
it is here determined in the strong sector alone (with a slightly lower value than
in [23]).

The 1/mg corrections to the strong Lagrangian have been calculated in [7].
They may formally be put into spin dependent renormalization factors. This
means that (28) is still valid with the replacement H* = H (Zy)~ 2, where Zy
and the renormalized (effective) coupling g are defined as:

1 — 2dM€2

Zy = 14—
- 1 1
i = aa(1- oo -2 - (- dag) 6T
mq mq
where
f - 1 for H*H li
dyy = 3 for 0_ A= or coup 1.ng (39)
1 for 1 —1 for H*H* coupling
and
_ 2 ({aq) o | Nem? %< >_ 2
g1 = m+GH<4m + f*+ T6m +16( - )
1 Qs o
+128 5 (Ck +8—3m )<?G )) ) (39)
_ e (fGa)  f?, Nem*(3m+4) Ck (7q) 2
go=m GH<12 T T T asa 16(m+3f)
1 Qs o
(O =226 | (10)
(m+4) pg
= —_— . 41
92 (m+2) 6m (41)

4 Bosonizing Q(AB = 2)

In this section we will discard 1/mg terms. We are then left with the operators
Q1,2 defined in Eq. (I2) and (I3). In order to find the matrix element of Q1 2,
one uses the following relation between the generators of SU(3). (4,4,l,n are
colour indices running from 1 to 3):

1
0ij01n = E(Z‘n% + 27, t (42)
where a is an index running over the eight gluon charges. This means that by

means of a Fierz transformation, the operator @ in (I2) may also be written in
the following way:

2
Q1 :ﬁqm“Q(“qmuQ( ) Agpt QL qrt 4y, QL (43)
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::»:OETFU + = == E:TFU

Fig. 1. Diagrams for bosonization of the left handed quark current

and similarly for Qa.

The first (naive) step to calculate the matrix element of a four quark operator
like @ is by inserting vacuum states between the two currents. This vacuum
insertion approach (VSA) corresponds to bosonizing the two currents in @1 and
multiply them, as mentioned below Eq. (5)). For one current, visualized in Fig. [I]
one obtains [27] [7]:

(0%
@y Q) — e e vera] (44)

Using the relations (29)) - (32) for the divergent integrals, and also Eq. (33)), we
obtain [[7]:

an =G (I opa- D EoD®en) . )

This bosonization has to be compared with the matrix elements defining the
meson decay constant fp given in Eq. (@). In those relations, b is the full quark
field. Within HQEFT this matrix element will, below the renormalization scale
i =mg (= mp), be modified in the following way:

— i
(0fgz I QS [B(p)) = 5 f5 M v
and )
_ i
(B)[Tz 1" Q4710) =~ fis Mis o (46)

where [10]
't = Cy(p) " + Co(p) v . (47)

The coefficients C,, (1) are determined by QCD renormalization for 1 < mg.
They have been calculated to NLO and the result is the same in M.S and M .S
scheme [2§]. In HLxQM the decay constant fp can be calculated and the result
is [7):

N fevMp  _ fp-vVMp- . (48)

Cy(p) + Cu(p) Cy(p)

The second matrix element in (3)) is genuinely non-factorizable, and we have
to go beyond the VSA. However, in the approximation where only the lowest
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Fig. 2. Nonfactorizable contribution, I"'=t*~v* L

gluon condensate is taken into account, the last term in (@3)) can be written in
a quasi-factorizable way by bosonizating the heavy-light coloured current with
an extra colour matrix t® inserted and with an extra gluon emitted as shown in
Fig. 2 Calculation of this diagram is straightforward when using the light quark
propagator with just one soft gluon emitted:

Sa(k)= %Gi’wtb [00‘5(7 k+m)+(y-k+ m)oa’@} (k* —m?)~2 . (49)

The part of the diagram to the left in Fig. Bl then gives the bosonized coloured
current:

_ Ghg
10 AQ (:t)) _ S ya
), — S,

Tr |:£T,yaL H(i) <:|:Z I {o’”y,’y . 'U} + 8];TUNV>:|(50)

where I is to be identified with f2 by the use of Eq. (32). The result for the
right part of the diagram with B replaced by B is obtained by just changing
the sign of v and letting Péﬂ — P5(_) (remembering that Pé_) creates a meson
with a heavy anti quark). Multiplying the coloured currents, we obtain for the
non-factorizable part of Q1 and Q2 to first order in the gluon condensate:

Crant* QY qrt® v, Q) + Coqrt® v QLY qrt® v, QL

. _@<O‘SG2> (C PSP + (¢ —fC)P( )”ZTP(H) (51)

4 Wt i

where

G, dm ([ f > g2 f 4
=21+ —= (= — | = 52
be= 128{+N0(m TNz \m ’ (52)
and X = &2, where ¢ is given in Eq. (22). Note there is no sum over i, i = 2,3
for ¢ = d, s respectively.
The Lagrangian in Eq. (20)) contains couplings involving the the current mass
term and the chiral quark fields. This makes it possible to calculate the counter-

terms needed in order to keep the chiral Lagrangian finite after the inclusion
of chiral loops. The counter-term for the factorizable part of the amplitude has
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Fig. 3. Mass insertion in the nonfactorizable part of the current

been considered in [7] when calculating fp. In the case of the non-factorizable
part of the amplitude, we need to consider similar diagrams as those shown in
Fig. B with mass insertion like in Fig. Bl where mass insertion is indicated by a
cross on the light quark line. The bosonized current with mass insertion is

T ~Q (i)) N
(QL 7' Qy (G,

GHYs ap a too +) (T7V
T2mn? ¢ Mo (xva)G,, Tr | €Y LH® (Mq )aq’m% . (53)
This result can also be obtained by simply differentiating the right hand side of
Eq. (B0) with respect to m.

The bosonized version of the Q(AB = 2) operator can then be split in a
pseudo scalar and a vector part:

Q(AB = 2)goe. = Ap P SLPED Ay PO PCY | where:

(O

1 1 w as
Ar = 50+ 50— Colady (14250 ) = G526 (G +amn) (50
1

1 w1 Qs Cs
The quantity wg is the counter-term obtained from (53)), and wy is a counter-term
for fp, found in [7]:

G% 47 f2
Y8 Garm {1 * Ncm2} ’ (55)
_ (1=3g4) (97 —16)GH as
T Gh 02m3 7 O (56)

For the current quark mass entering (54) we will use

ma=—m2f*/(aq) , and m, = —mi f*/(qq) . (57)

The term including the vector fields P, are needed in order to calculate chiral
corrections where B* are included. From Egs. (), (@) and (54) the renormaliza-
tion invariant bag parameter can be extracted. Anticipating the results of the
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two next sections, it can be written in the form:

Bo =301+ = (1-620+ i o+ 2 (1 1) X
Ba ™y N, G\" T 39722 me N, ) 32m2f2|
(58)
where
~ Cy—Cy
b = b(my) [] . (59)
(C'Y + C'U)2 s AX
We find from (B4]) the parameter due to genuine non-factorizable effects:
BB [ 2Ch }
56 = *G? . 60
G < >a%{ Cl 02 = A ( )

Note that this parameter is formally of order (N,)? and is positive, which means
that this non-factorizable contribution reduces the value of B according to (58).
Thus we are qualitatively in agreement with [5], where a negative contribution
to the bag factor from gluon condensate effects is found.

Using the relation between ay and fp in Eq. ([@8) and the expression value
for Gy in Eq. (33)), we may also write:

N (2G2) m dr (F\? 8w /f\! Cy
B __ s R | L —_ | L
o6 = 327r2f2f% Mg P {1+ N, <m) + Nc2 (m) |:01 02:|“ Ay
(61)

Numerically, f and fg are of the same order of magnitude, and 65 is therefore
suppressed like m/Mp compared to the corresponding quantity
(26?)

K _ s
6G = Nc 327T2f4 ’ (62)

for K — K mixing. However, one should note that fp scales as 1//Mp within
HQEFT, and therefore 65 is still formally of order (ms)°.

The formula (B8) is a generalization of a similar formula found for K — K
mixing [6]. The quantities 7, and 7& will be calculated in the next sections,
while 7, is known from previous work [29]. More specific, the quantity 75, to be
calculated in the next section, has dimension (mass)! and depend on hadronic
parameters calculated within the HLxQM. Similarly, the quantity 7, contains
the chiral corrections to the bosonized versions of ()1 2 to be presented in section
VI. The quantity 7')? contains the chiral corrections proportional to <%G2) and
the counter-terms wg and wy.

5 1/mg corrections

The 1/my corrections have been defined in Eq. (I4{I7). In the HLxQM we only
need to consider (I4) and (I7). This is due to the fact that when we are consid-
ering terms in the effective Lagrangian for B — B mixing the external particles
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carry no redundant momenta [7]. (In other words, the B-mesom momenta are
pp = Mpv). Hence the operators in ([35]) and (I6) will give zero contribution.
The operator in Eq. (I4) can be written on the form

3 6
Z 1iDa QY 70,07 + 2> g QMM 76, iD. Q). (63)
j=1 j=4

where I'*, © are defined:

I = RA® 6,=R
= Rgro 6, = R,
Iy = —ig?vPy* Ry O3 = R+’
F4:R @4:R’ya
Is=R O5 = Rgh“
Iy = —ie**P v) Ry O = RY", (64)

where D, is the covariant derivative containing the gluon field. Note that the
operator X is Fierz symmetric [L5]. We bosonize X in the same way as Q1 2.

Some two-quark operators appearing in (G3) are already studied in [7] when
calculating 1/my, corrections to fp. We use those results when bosonizing X7,
and the result can be written:

Xy — Xy =

3
3 {2(1 )2 [t B ST (€10 HED (030 + o)
i=1 ¢

48, Tr [g*@in,—) (=B {0 v -0} + 640“”)}

Tr {gnﬂgﬂ (B3D e + 21320 00) }}

+ Z { 1+ — TT {fTFi H) (ady™ - agva)}

DN | =

Tr {gT 6, Hv”] (65)
A8, Tr {5* [HS (B3Dpe — Zmﬂgawva)]
T [0, (8 (0,0} + o))}

where Do = {0,738} (gap — vavs). The second and fourth lines are genuinely
non-factorizable. The «a’s and (’s are hadronic parameters calculated within
the HLYQM, and are given in Appendix[Bl Evaluating the sums and traces in
Eq. ([G5) we arrive at:

; 1 s
X = {aHa§(1+N)+<°‘GQ> S?}
c

% zp
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where /6’](32) is a combination of the 3;’s and can be written

3y 4;6(1—9,4)( ;\;C (i)) . (67)

The bosonating of the nonlocal operators is rather straight forward in this
model. The result for the factorizable part of the non local operators can be
found in [7] in the calculation of fg:

4
A, Fact 1 2
ZL - <1+) “H (ui —dM“G>
= mp c mbG 3

[C P )#ET P(+) +(Cy — 02)P( )ET P(+)} . (68)

[

The result for the nonfactorizable part of the operators is:

y A

=1

SNfact

<O‘S G?) Bk ((01 - 702) et pH) oy P<;)2;P5<j>)

1
mp ' T (O Y7
1

+ (20w (G + 0B ) [P LS + 3P PP

mp [T

(69)

where the quantities Sx and ﬁ ]V’ s are given in Appendix [Bl
We need fp which has been calculated in [7] to 1/my:

fav My =au(C +C)< ++327r2f2> , where:

(61 =6e3)  (Byag +Byay) (12 — pd)
Kp = — + -

2 2ap(Cy — Cy) Guap

2 + —1n3)(1 +39A2)} .(70)

11

va = 15 { (L )+ el

mK

13 m2 4 4

o = {1+ 02 e T )1+ 30) )
32 2 r2

L w132rf7

OH

S

where B, and B, are sums of Wilson coefficients. The contribution to the bag
parameter from 1/m; corrections can now be extracted (see Eq. (G8))):

1+ 1 a; 6B B, ol B,
Ty = - — - - T T A
b N.) lag \C1 —=Cy C,+C,) au(C,+0C,)

6C1 Qs o @ Bx O C2Cum (2)
+(Cl—02)a§{<wG>{cl 3+Cﬂ —, P

(71)

It should be noted that 1/my, corrections increases B, in agreement with [15].
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Fig. 4. Diagrams contributing to the bag parameter

6 Chiral corrections

We will only consider chiral corrections to Q12 in Egs. (I2) and (I3)). Adding
chiral corrections to operators proportional to 1/m¢ will be considered as higher
order. The chiral corrections to the bag parameter have been considered in [29].
Some of the corrections are simply corrections to fp, [30, B1}[32]. The diagrams
shown in Fig. Hlare those which are genuinely non-factorizable, i.e. they are not
included in chiral corrections to fg, .

The chiral corrections (7, ) to the bag parameter can then be written:

2 4m? 2
Ty = dy, {gmi In < 3M§) - §m%( (72)
Ci 2 (2 o 2 4mi
- — A%)1
+Cl_C2gA <(3mK ) n 3/12
8 5 8 o
_§mK+§A (2-3F(A/my)) ;
2 Am? 2
sz dx{ gmg(l <3§)9m%(
Cl —02/3 2 (2 Az) 4m%(
Cl 3 3”2
8 5 8 o
—d, (“’ﬁ +22L ) 3202 2 m, | (73)
Be
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Fig. 5. Feynman rules for the strong sector, IT is given in Eq. (22))

where we have ignored the pion mass and used the mass relations m%g = 4m? /3.
The function F'(x) is defined in Eq. (83) and:

1 f B fi B
d, = or Ba o q q, =0 for B (74)
4 for B 1 for B

If one ignores the counter-term given by wg, and take the limit A = M}, —My —
0, we obtain the same result as in [29]. For the bare coupling constant f we will
use the value f=86 MeV [32]. The Feynman rules for chiral loops are given in
Fig. Bl

7 Numerical results
The model dependent parameters of the HLyQM was fixed in [7] by using various

constraints. For instant, the constituent light quark mass was determined to be
m = 220 £ 30 MeV. Using the parameters from [7], we obtain (using A =
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2.00 T T T T I
LO +1/mQ + x ——
LO + x
1.80 b Leading Order (LO) ------ ]

1.60

1.40

1.20 - -
1.00 ! ! ! ! !
0.18 0.20 0.22 0.24 0.26 0.28 0.30
m (GeV)

Fig. 6. The bag parameter B for By

M}, — My =0.025 GeV):

7, = (0.26 & 0.04) GeV
Ty = —(0.02 £ 0.01) GeV?
7¢ = —(0.03 4+ 0.01) GeV?

Xd
Bp, = 1.53+0.05
fB, = (170 + 25) MeV

fB,\/Bp, = (215 + 30) MeV

68 =(0.5+0.1)
7. = —(0.10 £ 0.04) GeV?

7$ =(0.12£0.06) GeV?

Bp, = 1.48 +0.08
f5. = (180 & 25) MeV

fB.\/ Bp, = (225 + 30) MeV

= M =1.05+0.01 IB. _ 1.08 £ 0.02 (75)
de\/E Ba

The decay constants fp, and fp, were also given in [7], but are listed also here
for completeness. (Note, however, that the values are slightly different, because
in [7] we did not distinguish f, from the bare coupling f.) The values for the
bag parameter B are in agreement with lattice calculations [3] [4]. A plot of B
as a function of the constituent quark mass m is shown in Fig. @l and [l We
observe that the values of B are fairly stable over a large variation of light quark
constituent mass m. Especially this is the case for B;. From m = 180 MeV
and m = 300 MeV the bag factors only changes with 10%. We note that 1/my,
corrections are small.

The values for the fg’s and especially for the ratio fp,/fB, (and £) in (73] are
a bit low [3] B3]. There might be at least three reasons for this. First, concerning
the absolute value for fp’s, they dependent significantly on the value of the quark
condensate, as seen from Eqs. ([@5) and ([@8)). In [7] we used the “standard” value
(Gq) = (—240MeV)?, without any uncertainty. It could be argued that we should
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2.00 T I I I :
LO + 1/mQ + X ——
LO + x
1.80 - Leading Order (LO) ------ |
1.60 i
‘Qq

1.40

1.20 - —

1.00 1 1 1 1 1
0.18 0.20 0.22 0.24 0.26 0.28 0.30

m (GeV)

Fig. 7. The bag parameter B for B

have used an uncertainty of 10 MeV, say, for (gq >1/ 3, although the wide range
190 to 250 MeV used for m will to some extent compensate for this. Second, it
might be that our expansion within the HLxQM overestimates the counter-term
wi which reduces fp,. However, neglecting this counter-term would give the
high value fp./fp, ~ 1.3. Third, our value for the axial pion coupling g4 in (28)
might be too low. In [7] we used input from QCD sum rules [34] both in the B-
and D-sectors. Alternatively, we may use the experimental value for the effective
coupling g4 H7™ = 0.59+0.09 in the D-sector [35], giving almost the same bare
coupling g4 = 0.59 4 0.04. Using this bare coupling also in the B-sector (instead
of g4 = 0.42 £ 0.06 in [7]), and in addition <§q>1/3 = (—240 4+ 10) MeV, we
obtain an alternative set of values:

7 = (0.25 + 0.04) GeV
Ty = —(0.06 +0.01) GeV?
¢ = —(0.07 £0.01) GeV?

Bp, = 1.51£0.09
fB, = (190 £ 50) MeV

fsy\/Bgs, = (240 + 70) MeV
¢ = 12:VB2e _ 108 40,07

fBy\/ BBy

6c = (0.540.2)
Ty, = —(0.25 £ 0.04) GeV?
78 = (0.2 +0.2) GeV?

Xs

Bp, =1.37+0.14
f5. = (210 £ 70) MeV

I, \/;35 = (260 + 90) MeV
fB.
fBa

=1.1440.07 (76)

We observe that the value for fg_/fp, in ([fG) is close to the standard one.

To conclude, we have calculated the bag parameter B for the By and Bi
mesons. Combining our two alternative sets of values (and consider the range of
values) we find Bp, = 1.51 £ 0.09 and Bp, = 1.40 + 0.16. The value for Bp, is
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more sensitive to chiral loops and counter-terms, and therefore the uncertainty
is bigger.

In principle, B is renormalization invariant (1 independent). This cannot be
shown within our approach. By construction, perturbative QCD within HQEFT,
the HLxQM and chiral perturbation theory are matched at the scale A, . How-
ever, we have a reasonable good matching numerically as in [23]. Varying the
renormalization scale i = A, in the range 0.8 GeV to 1 GeV, the bag parameters
only change with 6%. Moreover, like in [0], the formula (58) nicely shows the
various parts building up the total result for B.

A Loop integrals

The divergent integrals entering in the bosonization of the HLxQM are defined:

dik 1
b= G i
B dk 1
faz = /(%)d (k) (k2 —m?) (78)
d?k 1
L = /(27.(.)(1(]{277712)2 (79)

The integrals needed in the calculation of chiral corrections to the bag parameter
are:

m,A o ddk‘ 1
L1,1 - / (271.)11 (kQ _ m2)(1} Tk — A)
- ;’?? (i_ —ln(m?) +2— 2F(m/A)> (80)
dik kY » .
/ (27) (k2 —m2)(v -k — A) = Ag" + Bty
— 1 ddk ,I{ZZ — (U . k)Q
O e B m i ey
= i {(‘i +In(m?) ~ (m? = S4) = 3F(m/A)(A — m?)
’%W - 2A2>} (81)
_ dk (v-k)?
B= —A+/ 2m)d (k2 —m?)(v-k— A)
= 1_6Z7§ {(1 +In(m?) — 1)(2m? — gA) - %F(m/ﬂ)@Az )
_g(mQ - ;Az)} (82)
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where:

—Vz2 —1tan~ 1 (V22 — T
F(x):{ Va? — Ttan~ (V22— 1) >1 (53

V1 —zZtanh ™ (V1 — 22) x <1
In the case of A > m we have ignored an analytic real part in (80). Equation
(B0) coincides with the one obtained in [30] however Eq. (82) differs by a factor

—2/3(m? — 2/3A%?) inside the parenthesis of the expressions for A and B. This
is presumably due to the factor 1/(d — 1) = (1 —2/3¢)/3 in A.

B Some detailed expressions for hadronic parameters

The parameters of Eq. (65]) are:

v :E — {7,
af =gan+—=(q)
m 2
o3 E§QH+§GH<QQ>
GER? s
b =758
_ f?
b2 =~ on,
094
& ~ 4GEN,
1
Ba 58? (84)
(1,2),. . .
The B} 5;’s in (€9) are given by:
n _ M e 1+§ 8 (f 2(1+l ) 32m* [ f !
K7 o56p2 B m N.\m p T N2 \m
87 [ f 1672 / F\*
-ox |5 () + 57 () )
2 2
1 m f
M= T 12N2 <m> (86)

2
M 24N,

Il
3
——
+
[\
215
7N
3=
N———
o
——
‘®
-
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